Euler and extended Euler deconvolution applications use an assumed structural index (SI) or calculate the SI, respectively, for magnetic anomaly data within a specified window. The structural index depends on the source type: specifically, the rate at which the field produced by the source decays. We have examined the effects that the application of low-pass filtering to magnetic data has on estimating the SI. Using a simple low-pass filter, we derived the SI for filtered-field solutions directly over, and away from, a target based on the magnetic potential of a vertical dipole SI ¼ 2 ð Þ . We validated this approach by applying extended Euler deconvolution to synthetic and field examples. In general, filtered magnetic data will decrease the numerically determined SI to a value lower than the theoretical one. The slope and cutoff wavelength of the filter directly affect the estimated SI solutions. The results prove that one must take into account filtering for the application of Euler deconvolution to locate dipole anomalies for unexploded ordnance detection.
INTRODUCTION
Potential-field data used in an interpretation are often a smoothed version of the true field. For example, measured data can undergo several processing steps that implicitly apply the equivalent of a low-pass filter to the data. For noisy data, it is common to use a low-pass filter to suppress noise effects before applying various interpretation techniques (e.g., extended Euler deconvolution) that determine the location, depth, and structural index (SI) for the various targets in the area of interest. Furthermore, the parameters of the cumulative filtering are typically unknown and Euler deconvolution is routinely performed on the processed data as if they were true data. The SI estimated from such data through extended Euler deconvolution will be different from its theoretical values derived from analytic expressions of the field due to typical sources. Empirically, the assumed SI used in the standard Euler deconvolution also differs from such theoretical values.
In this paper, we show that for typical Euler deconvolution applications the effect of extensive low-pass filtering will decrease the determined SI from the theoretical value. To this end, we use the analytic expression for the potential of a vertical magnetic dipole, which has a known structural index of 2. After applying the low-pass filter to field data in the frequency domain, we evaluate the Euler equation directly over the source. We then show that the determined SI will decrease proportionally with the degree of low-pass filtering applied to the data.
LOW-PASS FILTERED DIPOLE FIELD
Without the loss of generality, we begin with the magnetic potential of a vertical dipole, which has an SI of 2. The corresponding magnetic field has an SI of 3 because it is the firstorder derivative of the potential. The conclusion derived from the magnetic potential will therefore hold true for the magnetic field. We assume observation locations on the x-y plane at z ¼ 0 and a vertical magnetic dipole source located at 0; 0; h ð Þ. The magnetic potential V is given by
where m z is the vertical component of the magnetic dipole moment and l o is the magnetic permeability of free space. The 2D Fourier transform of equation 1,Ṽ, can be derived as
where x x and x y are wavenumbers in the x-and y-directions, respectively (Blakely, 1996) . We now apply a simple low-pass filter with the transfer function F l :
where
is the radial wavenumber and the constant a controls the cutoff wavenumber of the filter: the greater a is, the lower the cutoff wavenumber becomes. This is essentially a half-order Butterworth filter (Butterworth, 1930) . The cutoff wavenumber x c , and a, are related by a ¼ x À1 c . The corresponding cutoff wavelength of the filter, k c , is
with units in meters. The corresponding low-pass filtered field is given by the following inverse Fourier transform,
This integral is even in x x and x y , so it can be rewritten as
To carry out the above integration, we use the Laplace transform to obtain the identity
Substituting Equation 7 in Equation 6 yields
Àhx r e Àatx r cosðxx x Þcosðyx y Þdx x dx y ;
which is now more tractable. We first evaluate the integral with respect to x x by using the identity 3.914 from Gradshteyn and Ryzhik (1965) :
By applying Equation 9, Equation 8 becomes
Using the identity 6.699 from Gradshteyn and Ryzhik (1965) , the integral in Equation 10 with respect to w y can then be evaluated as
The final solution for a low-pass filtered potential of a vertical magnetic dipole becomes
It is important to note that when a ¼ 0 (no filter applied), the above equation reduces to the original potential in Equation 1.
STRUCTURAL INDEX OF A FILTERED FIELD Directly above a target
Next, we examine the intrinsic structural index of the filtered field implied by Equation 12 directly above the dipole location, which is considered to be the optimal horizontal location in practice. For clarity, we place the dipole horizontally at the origin. The potential at this location is
At the origin, x ¼ 0; y ¼ 0; oVl ox ¼ oVl oy ¼ 0, and the standard Euler equation (Thompson, 1982; Reid et al., 1990) simplifies to
where N is the filtered SI. Equation 14 can be evaluated to solve for N l :
and because
the numerator will always be smaller than the denominator for any value of a > 0. Hence, N 2 for any value of a and, furthermore, the greater a is, the smaller N becomes. We remark that the above-derived SI characterizes the intrinsic decay of the filtered field as a function of distance; i.e., the filtered field decays slower than the unfiltered field. In practical applications, one must be cognizant of this difference when using the SI if the filter parameters are unknown. If the lowpass filtering parameters are known, three possible approaches can be taken. One might continue to work with the SI of the filtered field, bearing in mind the difference highlighted here, or
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one might attempt to solve for the theoretical SI of the unfiltered field by incorporating the filter parameters into data analysis through Agerlin's principle (Jacobsen, 1988) . Similarly, the approach proposed by Thurston (2010) might be used to improve the solution through a correction. For the remainder of this paper, we continue to assume that the low-pass filter parameters are unknown and examine the behavior of the SI of filtered data.
Away from the target
We have shown that directly over the target the SI values will always be equal to, or less than, 2, depending on the cutoff wavenumber. We can also evaluate the expected SI values away from this ideal location. Starting from equation 10 and applying the standard Euler equation
we obtain
The above equation can be simplified to
To solve for N, we can evaluate the integrals in equation 18 numerically using Gaussian integration. Solutions near the target, similar to those directly above, have reduced structural indexes (less than 2). Solutions at horizontal distances much greater than the depth to the target have structural indexes greater than 2 with an upper limit of 3. However, these distant regions are of no consequence in practical applications, as discussed in the next section. Thus, the theoretical derivation shows that the SI will decrease from its theoretical value once the data has been subjected to a low-pass filter.
NUMERICAL EXAMPLES Analytic calculation
For a demonstration, we numerically evaluate the intrinsic SI of a filtered dipole field using equations 15 and 18. The dipole is at a depth of 0.5 m, and the potential is gridded at 0.1-m increments along the x-y plane at z ¼ 0. The filters applied have values of a ¼ 0, 1, 5, 20, and 100, respectively. The shape of the low-pass filter for these various values of a is shown in Figure 1a . Profiles of the corresponding analytic solution of the SI are shown in Figure 1b . The SI directly above, and close to, the source decreases as a increases. This demonstration also confirms that it is theoretically possible that the SI values on the edges of the anomaly can be greater than 2. However, these values begin at 2.5 m away from the source in each horizontal direction, which is a distance of five times the source depth. The Euler solutions in these regions are usually discarded in practice by the commonly used requirement that the valid solutions be within the central part of the anomaly near the center of the data window (Silva and Barbosa, 2003) . We use this criterion to define a valid solution. It is important to note that in the spatial range of valid solutions, the effect of low-pass filtering decreases the SI, with the largest decreases corresponding to stronger filtering.
Extended Euler solution
We now simulate a realistic scenario of estimating the SI by applying extended Euler deconvolution (Nabighian and Hansen, 2001) to the filtered data with a 3 Â 3 point window size. In Figure 1 . (a) Profile of the transfer functions used and (b) their respective profile of structural indexes calculated at 0.1-m intervals. As the low-pass filter cutoff value increases, the structural index (N) decreases and is below the optimal SI above the source location. The structural index can theoretically be above 2, but does not occur until the horizontal distance is five times the depth. Figure 2 , we show the determined structural index directly above the anomaly numerically after applying various filters with a ¼ 0; 1; …; 39; 40. For comparison, we show the results of directly solving for SI using equation 14. Solutions exist for every value of a in the theoretical approach but not numerically.
L25 Effects of low-pass filtering on SI
The SI from extended Euler deconvolution decreases monotonically with no solutions found after a ¼ 9.
Field example
We use a subset of total-field magnetic data from the former Camp Sibert in Gadsden, Alabama (Figure 3) for further validation. The data are evenly gridded to 0.125 m. The data set was acquired as a part of the Environmental Security Technology Certification Program (ESTCP) Project MM-0533 (Nova Research Inc., 2007) . The purpose of the data set is to detect unexploded ordnance (UXO), which produce predominantly dipolar anomalies to a high degree of approximation (Nelson et al., 1998; Butler et al., 2001; Sanchez et al., 2008) . Extended Euler deconvolution is used to detect potential UXO targets based on the structural index (e.g., Davis et al., 2010) . In this example, we focus on the SI found above a known UXO located at approximately (22, 27) and denoted by the white circle in Figure 3 .
We apply the filter presented in equation 3 to the entire data set and use extended Euler deconvolution to obtain the SI. We first use the same low-pass half-order Butterworth filter (Butterworth, 1930) as in the analytic example. To examine the effect of different roll-offs of the filter, we also apply 1-, 1.5-, 2-, 2.5-, and 3-order Butterworth filters on this data set. These filters for a ¼ 2 are displayed in Figure 4 to show the differing slopes of roll-off in the frequency domain. For each of these filters, we used a ¼ 0:0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, and 5:0. These values correspond to wavelengths ranging from 3.14 to 31.42 m for a ¼ 0:5 and 5, respectively. We perform Euler deconvolution and extract the solution with the highest SI from a range of window sizes, from 3 Â 3 to 25 Â 25 data points, and within a .125-m radius of the true x-y location. The determined SI for the unfiltered, observed anomaly (i.e., a ¼ 0) is 2.34.
A summary of the calculated SI is shown in Figure 5a through 5d for Butterworth filters with orders 0.5 to 2.0, respectively, with filter wavelengths in meters along the abscissa. Filters of order 2.5 and 3.0 were also examined, but are not included in Figure 2 . The corresponding SI solved numerically (line) with extended Euler deconvolution and theoretical values þ ð Þ versus a. A 3 Â 3 window is used for the numerical solution. The first three alpha values have similar SI for both methods. The extended Euler SI decreases monotonically, and only the nonfiltered data reach N ¼ 2:0. The numerical solutions extend only to a ¼ 9 because no solutions were found with greater a values. Figure 3 . Total-field magnetic data collected for unexploded ordnance detection (UXO). The UXO has a dipole shape and thus a structural index of 3, theoretically. To examine filtering effects, we inspect the SI of the UXO at (22, 27) denoted by the white circle. Two general observations can be made. The first is that for a ¼ 0:5, the SI has increased as compared to a ¼ 0, but subsequent values of a lead to a decrease in the SI. For a ¼ 0:5, the cutoff wavelength is 3.14 m, the high-frequency noise is suppressed, and a more accurate calculation of the derivatives used in extended Euler deconvolution leads to a better solution. For the lower order filters < 1:5 ð Þ, the SI approaches 3.0, but does not surpass it. Once the a value is large enough, though (e.g., a > 0:5), it begins to filter the dipole field and causes distortion of the anomaly. A direct effect of this is the decrease of the SI. Some solutions are actually less than 1.
The second observation concerns the behavior of the filter roll-off. For gradual roll-offs, such as the 0.5-order filter, solutions are found for each a and slightly decrease as a increases. For higher order filters, the solutions decrease much more rapidly to the point at which the SI are less than 1 for a > 1:0. These filter types exhibit more variable behavior of the determined SI. This is exemplified with Butterworth filters of orders 2.5 and 3. These filters were also examined but are not included in the figure because solutions were found only for a ¼ 0:5. The SI increased to 4.5 for this filter length, but the depth was 2.6 m, much too deep for this type of application. Structural indexes were dramatically decreased below 1 for larger filter wavelengths. Therefore, we conclude that any overfiltering, even slight, of the data, as well as the increasing sharpness of roll-off that removes the high-frequency signal, will decrease the SI.
DISCUSSION
The derivations presented in the paper pertain to a member of a commonly used low-pass filter family. Upward continuation is often used as a low-pass filter, and it deserves a special discussion in this context. This is a special filter because it preserves the physics of the problem, and therefore a dipolar field remains dipolar after upward continuation and its SI does not change. However, for a source distributed within a small region in the subsurface, as is the case in UXO applications where the observation distance is much greater than the largest dimension of the source, the multipole expansion of its field is dominated by a dipolar field. Upward continuation will preferentially attenuate the relative effect of higher order moments and decrease the SI toward the SI value of the lower order multipole, i.e., dipole. Thus, we can conclude that applying a low-pass filter to data too extensively will decrease the SI.
CONCLUSIONS
We have shown theoretically and numerically that the structural index (SI) decreases for valid extended Euler deconvolution solutions when data are low-pass filtered. Directly over the target, the structural index has an upper limit of the theoretical value (i.e., 2 for the potential, and 3 for the magnetic field, of a magnetic dipole) and will decrease as the level of filtering increases. Valid solutions near the target will also have decreased the calculated SI. Solutions far away from the target can theoretically have a structural index greater than the theoretical value. These solutions, however, are too far away to be considered valid.
The practical implication is twofold. First, if a prescribed SI is used to estimate source depths with the filtered data, the use of the theoretical SI is too large. Instead, a data-dependent, lower SI should be used. Second, when a numerically calculated SI is used as the primary quantity of interpretation, such as in UXO detection, we must use a lower threshold than the theoretical value. Corresponding wavelengths for a > 2:5 did not produce an SI above 1.0 and thus are not presented. The data set was examined with the 2.5-and 3-order Butterworth filters, but no SI above 1.0 was calculated for a > 0:5. Therefore, those results also are not presented here. The SI increases with a ¼ 0:5 because the filter is decreasing the noise of the data set. Any values greater than a ¼ 0:5 decrease the SI of the dipole because of the filtering of the anomaly itself.
